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a b s t r a c t
Let F be an algebraic function field of one variable having a finite field Fq with q > 2
elements as its field of constants. We determine all such fields for which the class number
is three. More precisely, we show that, up to Fq-isomorphism, there are only 8 of such
function fields. For q = 2 the problem has been solved under the additional hypothesis
that the function field is quadratic.
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1. Introduction and background
Let F |Fq be an algebraic function field of genus g where Fq is a finite field with q elements and it is the full constant field
of F . As it is known, such function fields are of great interest to construct a large class of useful codes (see [1,14]) which have
been recently extended in [10,15,16,13]. The abelian group Cl0(F) = { [A] | A ∈ Div0(F) } of divisor classes of degree zero
is finite and we denote its order by h. It is called the class number of F . MacRae [8] classified the function fields with class
number 1 which are quadratic and have a place of degree one. Successively, in [6,7,9], the classification was completed in
the case h = 1. Le Brigand [3,4] studied and classified the function fields with class number 2. In this paper, we deal with
the case h = 3. We will show that, up to Fq-isomorphism, there are exactly 8 function fields F |Fq with class number h = 3
when q > 2.Whereas, for q = 2wewill prove that there are only three function fields with class number h = 3 if 1 ≤ g ≤ 2
and there are 3 quadratic function fields with class number h = 3 and genus 3 ≤ g ≤ 6. When q = 2 and either g = 5 or
g ≥ 7 no function field with h = 3 exists. The cases g = 3, 4 and 6 are partially an open question.
For all notations and results about algebraic function fields, which are not explicitly defined or proved, we refer to [14,2].
Let L(t) := (1− t)(1− qt)Z(t) be the L-polynomial of F |Fq (here, Z(t) denotes the Zeta function of F |Fq). The following
holds.
Theorem 1.1 ([14, Theorem 5.1.15]).
1. L(t) ∈ Z[t] and deg L(t) = 2g.
2. L(1) = h.
3. If L(t) = a0 + a1t + · · · + a2g t2g then
(a) a0 = 1 and a2g = qg .
(b) a2g−i = qg−iai for 0 ≤ i ≤ g.
(c) a1 = N1 − (q+ 1) where N1 is the number of rational places.
4. L(t) factors in C[t] in the form
L(t) =
2g
i=1
(1− αit), (1)
where the complex numbers α1, α2, . . . , α2g are algebraic integers and they can be arranged in such a way that αiαg+i = q
holds for i = 1, 2, . . . , g.
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Corollary 1.2. h = (qg + 1)+ a1(qg−1 + 1)+ · · · + ag−1(q+ 1)+ ag .
Hasse–Weil Theorem 1.3 ([14, Theorem 5.2.1]). The reciprocals of the roots of L(t) satisfy
|αi| = q1/2 for i = 1, 2, . . . , 2g.
Hasse–Weil Bound 1.4 ([14, Theorem 5.2.3]). The number N1 of rational places of F |Fq can be estimated by
|N1 − (q+ 1)| ≤ 2gq 12 . (2)
Lemma 1.5 ([14, Lemma 5.1.9]). Let F |Fq be a function field of genus g. Let F ′|Fq2g−1 be a constant extension of F |Fq of degree
2g − 1. Let P ∈ PF be a place of degree d. Then there exist gcd(d, 2g − 1) places of F ′ which lie over P. Such places are all of
degree dgcd(d,2g−1) .
Lemma 1.6 ([14, Lemma 5.1.4]). Let ∂ > 0 be the integer
∂ := min{deg A | A ∈ Div (F) and deg A > 0}
and let An be the numbers
An := |{A ∈ Div (F) | A ≥ 0 and deg A = n}|.
(a) An = 0 if ∂ - n.
(b) For a fixed divisor class [C] ∈ Cl(F), we have
|{A ∈ [C] | A ≥ 0}| = q
dim C − 1
q− 1 .
(c) For each integer n > 2g − 2 with ∂ | n we have
An = hq− 1 (q
n+1−g − 1).
2. Function fields with class number 3
Let F |Fq be a function field of genus g . Since every function field F |Fq of genus 0 is rational and its class number is 1, we
always suppose g ≥ 1. Now, if F is a function field of genus g ≥ 1 and class number h = 3 then N1 ≤ 3. In fact, if two
rational places P1 and P2 are equivalent then P1 − P2 = (x) for some x ∈ F and so [F : K(x)] = deg(x)∞ = deg P2 = 1 that
implies that F is rational.
Let L(t) = gi=1(1 − αit)(1 − αit) be the L-polynomial of F . By Hasse–Weil Theorem 1.3, αi = q 12 (cos θi + i sin θi) for
i = 1, 2, . . . , g , therefore h = L(1) =gi=1(1− 2q 12 cos θi + q). But | cos θi| ≤ 1, and therefore
(1− q 12 )2g ≤ h ≤ (1+ q 12 )2g .
Now, if h = 3 and g ≥ 1, we get (1− q 12 )2 ≤ 3 and so q ≤ 7.
Let F ′|Fq2g−1 be a constant field extension of F |Fq of degree 2g − 1 and denote by N ′1 the number of its rational
places.
By Lemma 1.5, if P is a place of F of degree dwith d|2g − 1, then there exist d rational places of F ′ over the place P . Vice
versa, if P ′ is a rational place of F ′ then it lies over a place P of F of degree a divisor of 2g − 1 and the other places over P are
rationals.
Hence, there exist at least

N ′1
2g−1

effective divisors of F of degree 2g − 1, since for any place P of degree d with d|2g − 1
we can construct the divisor D = 2g−1d P . By (2), N ′1 ≥ q2g−1 + 1 − 2gq
2g−1
2 and so the number of effective divisors of F of
degree 2g − 1 is greater than or equal to q2g−1+1−2gq
2g−1
2
2g−1 . On the other hand, by Lemma 1.6, the number of effective divisors
of degree 2g − 1 is either 0 (if ∂ - 2g − 1) or h qg−1q−1 (otherwise). Hence,
h
qg − 1
q− 1 ≥
q2g−1 + 1− 2gq 2g−12
2g − 1 .
Therefore, if 3 q
g−1
q−1 <
q2g−1+1−2gq
2g−1
2
2g−1 , that is (q
2g−1 + 1− 2gq 2g−12 )(q− 1) > 3(2g − 1)(qg − 1), then h > 3.
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Following [9], we set S(q, g) := (q2g−1 + 1 − 2gq 2g−12 )(q − 1) − 3(2g − 1)(qg − 1) and we study the function S(q, g) to
have existence conditions on function fields with class number h = 3.
Lemma 2.1. Let F |Fq be a function field of genus g and class number h. If h = 3 then q and g are as follows:
q 2 2 2 2 2 2 3 3 3 4 4 5 7
g 1 2 3 4 5 6 1 2 3 1 2 1 1
Proof. We have
S(2, 6) < 0 S(3, 3) < 0 S(4, 2) < 0 S(5, 1) < 0 S(7, 1) < 0
S(2, 7) > 0 S(3, 4) > 0 S(4, 3) > 0 S(5, 2) > 0 S(7, 2) > 0.
We have simply to prove that, as a function of g , S(q, g) is increasing if q = 2 and g ≥ 7, or q = 3 and g ≥ 4, or q = 4 and
g ≥ 3, or q = 5 and g ≥ 2, or q = 7 and g ≥ 2. We have
∂
∂g
S(q, g) = (q− 1)[2q2g−1 ln q− 2q(2g−1)/2 − 2gq(2g−1)/2 ln q] − 6(qg − 1)− 3(2g − 1)qg ln q
= q(2g−1)/2T (q, g)+ 6,
where
T (q, g) := 2(q− 1)q(2g−1)/2 ln q− 2(q− 1)− 6q1/2 − 2g(q− 1) ln q− 3(2g − 1)q1/2 ln q.
If q = 2we get ∂
∂g T (2, g) = [2(2g+1)/2 ln 2−2−3·23/2] ln 2. Therefore, ∂∂g T (2, g) ≥ 0 if and only if g ≥ − 12+log2( 2+3·2
3/2
ln 2 )
∼=
3.42 and so ∂
∂g T (2, g) ≥ ∂∂g T (2, 7) > 0 for any g ≥ 7. Now S(2, g) is increasing for g ≥ 7 and S(2, g) ≥ S(2, 7) > 0 for any
g ≥ 7. We proved that if q = 2 and g ≥ 7 then h > 3.
The cases q = 3, q = 4, q = 5 and q = 7 are similar. 
Throughout the last part of the section, we reduce to the case q > 2.
We need to compute the first coefficients of the L-polynomial L(t). Denoted by Ni the number of places of F of degree i,
we have (see [9]):
a1 = N1 − (q+ 1)
a2 = 12 (N
2
1 − (2q+ 1)N1 + 2N2 + 2q)
a3 = 16 (N
3
1 − 3qN21 + (3q− 1)N1 − 6(q+ 1)N2 + 6N1N2 + 6N3).
By Corollary 1.2 and the above equalities, we are able to prove the following proposition.
Proposition 2.2. Let F |Fq be a function field of genus g and suppose q > 2. The class number h of F is 3 if and only if q, g, N1
and N2 are as follows:
q g relation between the Ni’s
3 1 N1 = 3
3 2 N1 + N21 + 2N2 = 12
3 3 −16N1+3N21+N31+6N1N2+6N3 = 18
4 1 N1 = 3
4 2 N1 + N21 + 2N2 = 14
5 1 N1 = 3
7 1 N1 = 3
Proof. The pairs (q, g) to analyze are those given in Lemma 2.1.
Suppose q = 3 and g = 1. By Corollary 1.2, h = (q+ 1)+ a1 = N1 and so h = 3 if and only if N1 = 3.
If q = 3 and g = 2, we have h = (q2+1)+ (q+1)a1+a2 = 10+4a1+a2 = 10+4(N1−4)+ N
2
1−7N1+2N2+6
2 . Therefore,
h = 3 if and only if N1 + N21 + 2N2 = 12.
The other cases are similar. 
640 A. Picone / Discrete Mathematics 312 (2012) 637–646
Theorem 2.3. Let F |Fq be a function field of genus g and class number h. Suppose q > 2. We have h = 3 if and only if q, g, N1
and N2 are as follows:
q g N1 N2
3 1 3
3 2 0 6
3 2 1 5
3 2 2 3
4 1 3
5 1 3
7 1 3
Proof. Suppose q = 3 and g = 2. If N1 = 3 and N2 = 0, then L(t) = 1 − t − 3t2 − 3t3 + 9t4. On the other hand, by
the Riemann hypothesis, the reciprocals of the roots of L(t) are 31/2e±iθ1 and 31/2e±iθ2 and so L(t) = (1 − √3eiθ1 t)(1 −√
3e−iθ1 t)(1−√3eiθ2 t)(1−√3e−iθ2 t) = (1− 2√3 cos θ1t + 3t2)(1− 2
√
3 cos θ2t + 3t2) = 1− 2
√
3(cos θ1 + cos θ2)t +
(12 cos θ1 cos θ2 + 6)t2 + · · · + 9t4. Comparing the coefficients in the two expressions of L(t), we get
cos θ1 + cos θ2 =
√
3
6
,
cos θ1 cos θ2 = −34 .
Therefore, cos θ1 and cos θ2 are the roots of the polynomial
f (x) = x2 −
√
3
6
x− 3
4
,
but actually f (1) < 0. This is a contradiction to Bolzano’s Theorem for continuous functions.
Suppose q = 3 and g = 3. On one hand L(t) = 1 + (N1 − 4)t + 12 (6 − 7N1 + N21 + 2N2)t2 + 16 (−9N21 + N31 + 8N1 +
6N1N2 − 24N2 + 6N3)t3 + · · · + 27t6. On the other hand, if 31/2e±iθ1 , 31/2e±iθ2 and 31/2e±iθ3 are the reciprocals of the roots
of L(t), we have L(t) = 1 − 2√3(cos θ1 + cos θ2 + cos θ3)t + (9 + 12(cos θ1 cos θ2 + cos θ1 cos θ3 + cos θ2 cos θ3))t2 −
12
√
3(cos θ1 + cos θ2 + cos θ3 + 2 cos θ1 cos θ2 cos θ3)t3 + · · · + 27t6 and comparing the coefficients we get
cos θ1 + cos θ2 + cos θ3 = −
√
3
6
,
cos θ1 cos θ2 + cos θ1 cos θ3 + cos θ2 cos θ3 = N
2
1 − 7N1 + 2N2
24
,
cos θ1 cos θ2 cos θ3 = −N
3
1 − 9N21 − 28N1 + 6N1N2 − 24N2 + 6N3 + 144
12
√
3
.
The polynomial
f (x) = x3 +
√
3
6
x2 + N
2
1 − 7N1 + 2N2
24
x+ N
3
1 − 9N21 − 28N1 + 6N1N2 − 24N2 + 6N3 + 144
12
√
3
admits cos θ1, cos θ2 and cos θ3 as roots. However, f (1) < 0 for any values of N1 ≤ 3, N2 and N3 such that−16N1 + 3N21 +
N31 + 6N1N2 + 6N3 = 18 and we get again a contradiction.
Suppose q = 4 and g = 2. With a similar argument, we can prove that this case does not occur. 
3. Main result
In this sectionwe shall classify the function fields F |Fq with class number h = 3 and q ≥ 3. For all results about elliptic or
hyperelliptic function fields we refer to [14, Propositions 6.1.3 and 6.2.3]. However, we recall that an elliptic or hyperelliptic
function field is an extension Fq(x, y) of degree 2 of some rational function field Fq(x).
Throughout this paper, we shall use several times Kummer’s Theorem (see [14, Theorem3.3.7 and Corollary 3.3.8]) which
can be used to determine all extensions of a generic place of a rational function field Fq(x) in an algebraic function field
extension.
By the Fundamental Equality

P ′|P e(P ′|P)f (P ′|P) = [Fq(x, y) : Fq(x)], the next proposition follows:
Proposition 3.1. Let Fq(x, y)|Fq be an elliptic or a hyperelliptic function field. If P is a place of Fq(x)|Fq, then only one of these
conditions follows:
1. P ramifies, that is there exists only a place P ′ of Fq(x, y) lying over P and deg P ′ = deg P;
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2. P stays inert, that is there exists only a place P ′ of Fq(x, y) lying over P and deg P ′ = 2 deg P;
3. P splits completely, that is there exist two places P1 and P2 of Fq(x, y) lying over P and deg P1 = deg P2 = deg P.
Theorem 3.2. Let Fq be a finite field with q > 2 elements. Up to Fq-isomorphism, there are 8 function fields F |Fq of genus g ≥ 1
with class number h = 3. They are obtained for F = Fq(x, y) with
(1) q = 3 g = 1, N1 = 3, y2 = x3 + x2 + 2x+ 1
(2) q = 4, g = 1, N1 = 3, y2 + y = ξx3
y2 + y = ξ 2x3
(3) q = 5, g = 1, N1 = 3, y2 = x3 + x2 + x+ 4
(4) q = 7, g = 1, N1 = 3, y2 = x3 + 4
(5) q = 3, g = 2, N1 = 0, N2 = 6, y2 = 2x6 + x2 + 2
(6) q = 3, g = 2, N1 = 1, N2 = 5, y2 = x5 + x3 + x+ 2
(7) q = 3, g = 2, N1 = 2, N2 = 3, y2 = 2x6 + x5 + 2x3 + 2x2 + 2x+ 2
where ξ is a primitive element of F4 and Ni denotes the number of places of degree i.
Proof. We give details just for few cases since the others are quite similar.
(2) Suppose F4 = {0, 1, ξ , ξ 2}where ξ 2+ξ+1 = 0. By hypothesis, F |F4 is an elliptic function field. Therefore, there exist
x, y ∈ F such that F = F4(x, y) and y2 + y = f (x) ∈ F4[x]where f (x) is a polynomial of degree 3 or y2 + y = x+ 1ax+b with
a, b ∈ F4 and a ≠ 0. The second case cannot occur since P∞ and Px+a−1b are the only places which ramify and we get N1 = 2
or N1 ≥ 4. Therefore, y2+ y = f (x) ∈ F4[x]where f (x) is a polynomial of degree 3, the place P∞ ramifies, one rational place
of type Px−α with α ∈ F4 must split and the other three of the same type must stay inert. Let f (x) = a3x3 + a2x2 + a1x+ a0.
Since the automorphism group of the rational function field F4(x)|F4 is transitive on the set of rational places, we may
assume w.l.o.g. that the place which splits is Px. If we set ϕα(T ) = T 2 + T + f (α) where α ∈ F4, by Kummer’s Theorem,
ϕ0(T )must be reducible and ϕ1(T ), ϕξ (T ) and ϕξ2(T ) irreducible. It follows that y
2+y = ξx3, y2+y = ξ 2x3, y2+y = ξx3+1
or y2 + y = ξ 2x3 + 1. However, if we replace y with y + ξ in the first two equations we get the second two. Finally, the
equations y2 + y = ξx3 and y2 + y = ξ 2x3 define non-F4-isomorphic function fields. In fact, allowable substitutions look
like (see [12])
(x, y) → (u2x+ s2, u3y+ u2sx+ t)
where u3 = ξ 2, s4+ ξ 2s = 0 and t2+ ξ 2t+ s6 = 0. Nevertheless, there does not exist an element u in F4 such that u3 = ξ 2.
(3) Again, the function field is elliptic and there exist x, y ∈ F such that F = F5(x, y) and y2 = f (x) ∈ F5[x] where
f (x) is a square-free polynomial of degree 3. The place P∞ ramifies and, in order to have N1 = 3, we must assume that
f (x) is irreducible, one rational place of F5(x) splits and the other rational places stay inert. W.l.o.g., we may assume
that Px splits and Px−1, Px−2, . . . , Px−4 stay inert. Moreover, f (x) has leading coefficient equal to 1. In fact, if not, and if
f (x) = a3x3 + a2x2 + a1x + a0 we may replace x with a3x and the resulting polynomial is monic. The polynomial f (x) is
irreducible if and only if a0 ≠ 0, a2+a1+a0+1 ≠ 0, 4a2+2a1+a0+3 ≠ 0, 4a2+3a1+a0+2 ≠ 0 and a2+4a1+a0+4 ≠ 0.
By Kummer’s Theorem, Px splits and the places Px−1, Px−2, . . . , Px−4 stay inert if and only if T 2−f (0) is reducible and T 2−f (i)
for i = 1, 2, . . . , 4 are irreducible, that is, if and only if f (0) = 1 or 4 and f (i) = 2 or 3 for i = 1, 2, . . . , 4. There are only
two polynomials satisfying all these conditions namely x3 + x2 + x + 4 and x3 + 4x2 + x + 1 and both are square-free.
However, the substitution (x, y) → (4x, 2y) shows that the equations y2 = x3 + x2 + x + 4 and y2 = x3 + 4x2 + x + 1
define F5-isomorphic function fields, so the claim is proved.
(6) Since g = 2, F is a hyperelliptic function field. Therefore, there exist x, y ∈ F such that F = F3(x, y) and y2− f (x) = 0
where f (x) ∈ F3[x] is a square-free polynomial of degree 5 or 6. None of the rational places of F3(x) can split completely
since, if a rational place splits, two distinct rational places of F should lie over it contradicting N1 = 1.
If deg f (x) = 5 the pole of x ramifies and therefore a rational place of F lies over it. As consequence of this, the other
3 rational places of F3(x) must stay inert and so a place of F of degree 2 lies over any of them. The only way to obtain
N2 = 5 is that no place of F3(x) of degree 2 ramifies and, in particular, one of them splits completely and the other two
stay inert. So, f (x)must be irreducible. We can assume f (x)monic. In fact, if f (x) = 2x5 + a4x4 + a3x3 + a2x2 + a1x + a0
we may replace x with 2x and we get the monic polynomial f (2x) = x5 + a4x4 + 2a3x3 + a2x2 + 2a1x + a0. There are 48
monic irreducible polynomial of degree 5 but only 6 of them are such that the rational places Px, Px−1 and Px−2 stay inert
(by Kummer’s Theorem, the polynomials T 2 − f (i) must be irreducible for any i = 0, 1, 2, that is, f (i) = 2 for any i) and
they are x5 + x3 + x+ 2, x5 + 2x4 + 2x3 + x2 + 2, x5 + x4 + 2x3 + 2x2 + 2, x5 + 2x+ 2, x5 + x4 + x3 + 2x2 + x+ 2, and
x5 + 2x4 + x3 + x2 + x + 2. Again, by Kummer’s Theorem, if f (x) = x5 + x3 + x + 2 or f (x) = x5 + 2x4 + 2x3 + x2 + 2
or f (x) = x5 + x4 + 2x3 + 2x2 + 2 only one place of degree 2 splits and the other two stay inert (the places that split are,
respectively, Px2+x+2, Px2+1 and Px2+2x+2); if f (x) = x5 + 2x + 2 all of them split; if f (x) = x5 + x4 + x3 + 2x2 + x + 2 or
f (x) = x5 + 2x4 + x3 + x2 + x + 2 two of them split and one stays inert (the places that stay inert are, respectively, Px2+1
and Px2+x+2). Therefore, only the following three cases are possible y2 = x5 + x3 + x+ 2, y2 = x5 + 2x4 + 2x3 + x2 + 2 or
y2 = x5 + x4 + 2x3 + 2x2 + 2. However, if we replace x with x + 1 or x + 2 in y2 = x5 + x3 + x + 2 we get, respectively,
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y2 = x5 + 2x4 + 2x3 + x2 + 2 or y2 = x5 + x4 + 2x3 + 2x2 + 2. So, up to F3-isomorphism, there is only the function field
F3(x, y)with y2 = x5 + x3 + x+ 2.
If deg f (x) = 6, one of the rational places (besides the pole of x) of F3(x) must ramify and so f (x) = (x − α)g(x) with
α ∈ F3. Again, the other three rational places of F3(x)must stay inert, one place of degree 2 splits completely and the other
two stay inert. Therefore, g(x) is irreducible. Since P∞ stays inert, we may assume that the leading coefficient of f (x) is
equal to 2. In fact, if we replace x and y respectively with u−1 and vu−3, we get v2 = a0u6 + a1u5 + a2u4 + · · · + a6 and,
by Kummer’s Theorem, if a6 ≠ 2 then Pu splits. Once again, using Kummer’s Theorem, we get y2 = x(1 + x2 + x4 + 2x5),
y2 = (x− 2)(2+ 2x+ x4 + 2x5) or y2 = (x− 2)(2+ x+ x3 + x4 + 2x5) but the birational transformations
(x, y) →

x+ 1
x
,
y
x3

(x, y) →

x+ 1
2x+ 1 ,
y
(2x+ 1)3

send y2 = x(1+ x2 + x4 + 2x5) respectively into y2 = (x− 2)(2+ 2x+ x4 + 2x5) and y2 = (x− 2)(2+ x+ x3 + x4 + 2x5).
Therefore, we have the unique case y2 = x(1 + x2 + x4 + 2x5). However, this equation defines a function field which is
F3-isomorphic to the one defined by y2 = x5 + x3 + x+ 2, since, if we replace in the first equation (x, y) with (x−1, yx−3),
we get the second equation. 
4. The case q = 2
In this section we want to study the case of function fields F |F2 with class number h = 3. In order to do this, we need
some results about hyperelliptic function fields over a finite field of even characteristic. The following theorem is in a more
general form in [5].
Theorem 4.1. Let F |F2 be a hyperelliptic function field of genus g with F2 as the full constant field of F . Let x ∈ F be
transcendental over F2 such that F |F2(x) is separable and quadratic. Then F = F2(x, y) with y2 + B(x)y = C(x), where
B(x), C(x) ∈ (F2[x])∗ are such that all irreducible factors of B(x) (if any) are simple factors of C(x), i.e. if B(x) = ri=1 Bi(x)ni
where the Bi’s are pairwise distinct irreducible polynomials, then C(x) = N(x)ri=1 Bi(x) with N(x) ∈ F2[x] prime to B(x).
Moreover, the finite places of F2(x) which ramify in F are the (Bi)’s and
1. If P∞ ramifies, y may be chosen such that deg B(x) ≤ g and deg C(x) = 2g + 1;
2. If P∞ is inert, y may be chosen such that deg B(x) = g + 1 and deg C(x) = 2g + 2;
3. If P∞ splits, y may be chosen such that deg B(x) = g + 1 and deg C(x) < 2g + 2.
Reciprocally, any separable quadratic extension F of the rational function field F2(x) is of the preceding form according to the
behavior of the infinity place of F2(x) in the extension F |F2(x).
Remark 4.2. Replacing ywith y · B(x), one obtains an equation in Hasse normal form
y2 + y = N(x)r
i=1
Bi(x)2ni−1
.
Let F |F2 be a function field of genus g and class number 3. We can prove that if g = 1 then h = 3 if and only if N1 = 3
and if g = 2 then h = 3 if and only if N1 + N21 + 2N2 = 10 (see [11]).
Theorem 4.3. Up to F2-isomorphism, there are 3 function fields F |F2 of genus 1 ≤ g ≤ 2 with class number h = 3. They are
obtained for F = F2(x, y) with
(1) g = 1, y2 + y = x3, N1 = 3.
(2) g = 2, y2 + y = x5 + x+ 1, N1 = 1, N2 = 4.
(3) g = 2, y2 + y = 1
x3 + x+ 1 , N1 = 2, N2 = 2.
Proof. Suppose g = 1 and N1 = 3. Obviously, F is an elliptic function field, therefore, there exist x and y such that
F = F2(x, y) with y2 + y = x3 + ax2 + bx + c or y2 + y = x + 1x+d where a, b, c, d ∈ F2. The rational function field
F2(x)|F2 has three rational places, namely P0, P1 and P∞. If y2 + y = x+ 1x+d , the places P∞ and Px+d ramify and there is no
way to have N1 = 3. Hence, y2+y = x3+ax2+bx+ c and P∞ is the only place which ramifies. Either P0 or P1 must split and
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the other onemust stay inert. Let ϕ(T ) = T 2+T+x3+ax2+bx+ c , ϕ0(T ) = T 2+T+ c and ϕ1(T ) = T 2+T+a+b+ c+1.
By Kummer’s Theorem,
c = 0
a+ b+ c + 1 = 1 or

c = 1
a+ b+ c + 1 = 0.
Therefore, y2 + y = f (x) where f (x) ∈ {x3, x + x2 + x3, 1 + x3, 1 + x + x2 + x3}. However, these equations define
F2-isomorphic function fields. In fact, if in y2 + y = x3 we replace (x, y)with either (x, y+ x) or (x+ 1, y+ x) or (x+ 1, y)
we get, respectively, y2 + y = x+ x2 + x3 or y2 + y = 1+ x3 or y2 + y = 1+ x+ x2 + x3.
Suppose g = 2 and N1 + N21 + 2N2 = 10. Since g = 2, F is a hyperelliptic function field and, by Theorem 4.1, there exist
x, y ∈ F such that F = F2(x, y)with y2 + B(x)y = C(x).
If N1 = 0 and N2 = 5 all the rational places P0, P1 and P∞ of F2(x)|F2 must stay inert and Px2+x+1 must split. Therefore,
B(x) is an irreducible polynomial of degree 3 and C(x) = B(x) · N(x) where degN(x) = 3 and N(x) ≠ B(x). There are
only two irreducible polynomials of degree 3 and they are x3 + x + 1 and x3 + x2 + 1. Hence, y2 + (x3 + x + 1)y =
(x3+ x+1)(x3+ ax2+ bx+ c)with x3+ ax2+ bx+ c ≠ x3+ x+1 or y2+ (x3+ x2+1)y = (x3+ x2+1)(x3+ ax2+ bx+ c)
with x3+ax2+bx+ c ≠ x3+x2+1. Let ϕ(T ) = T 2+ (x3+x+1)T + (x3+x+1)(x3+ax2+bx+ c), ϕ0(T ) = T 2+T + c and
ϕ1(T ) = T 2 + T + a+ b+ c + 1 with (a, b, c) ≠ (0, 1, 1). In order to have P0 and P1 inerts, ϕ0 and ϕ1 must be irreducible,
that is
c = 1
a+ b+ c + 1 = 1
andwe getϕ(T ) = T 2+(x3+x+1)T+(x3+x+1)(x3+x2+1). Ifϕ(T ) = T 2+(x3+x2+1)T+(x3+x2+1)(x3+ax2+bx+c),
in the same way we can prove that ϕ(T ) = T 2 + (x3 + x2 + 1)T + (x3 + x2 + 1)(x3 + x + 1). Therefore, either
y2+(x3+x+1)y = (x3+x2+1)(x3+x+1) or y2+(x3+x2+1)y = (x3+x2+1)(x3+x+1) but, actually, these equations define
F2-isomorphic function fields (replace xwith x+1). However, none of these is such that Px2+x+1 splits. In order to show this,
suppose, for instance, y2+(x3+x+1)y = (x3+x2+1)(x3+x+1) and letϕ(T ) = T 2+(x3+x+1)T+(x3+x+1)(x3+x2+1).
If we reduce the coefficients of ϕ modulo x2+ x+ 1 we get ϕ(T ) = T 2+ xT + x+ 1 which is irreducible in the residue class
field of Px2+x+1 and so, by Kummer’s Theorem, Px2+x+1 is inert.
If N1 = 1 and N2 = 4, one rational place must ramify, the others must stay inert and the place of degree two must
split. Without loss of generality, we may assume that P∞ ramifies. Since neither P0, nor P1 or Px2+x+1 ramifies, B(x) = 1 and
deg C(x) = 5. So, y2 + y = x5 + ax4 + bx3 + cx2 + dx+ e and, in order to have P0 and P1 inert we need that
e = 1
a+ b+ c + d+ e+ 1 = 1.
Weget 8 possibilities for C(x) but the place Px2+x+1 splits only if C(x) ∈ {x5+x+1, x5+x2+1, x5+x4+1, x5+x4+x2+x+1}.
Therefore, we have 4 different relationships between x and y but they give F2-isomorphic function fields (replace (x, y)
respectively with (x, y+ x), or (x+ 1, y+ x) or (x+ 1, y+ x)).
If N1 = 2 and N2 = 2, necessarily, the place P∞ splits and P0, P1 and Px2+x+1 stay inert. Therefore, B(x) is irreducible of
degree 3 and C(x) is of degree less than 6. We have y2 + y = ax2+bx+c
x3+x+1 or y
2 + y = ax2+bx+c
x3+x2+1 . Moreover, in order to have P0
and P1 inert, ax2 + bx + c should not admit roots in F2. So, ax2 + bx + c = 1 or ax2 + bx + c = x2 + x + 1. Now, only if
y2 + y = 1
x3+x+1 or y
2 + y = 1
x3+x2+1 the place Px2+x+1 stays inert and these relations give F2-isomorphic function fields
(replace xwith x+ 1). 
A function field F is said to be quadratic if there exists x ∈ Fq transcendental over Fq such that [F : Fq(x)] = 2. Hence,
F |Fq is quadratic if it is elliptic (g = 1) or hyperelliptic (g ≥ 2).
Theorem 4.4. Up to F2-isomorphism, there is 1 quadratic function field F |F2 of genus 3 and class number h = 3. It is obtained
for F = F2(x, y) with N1 = 1, N2 = 2, N3 = 2 and y2 + y = x7 + x3 + 1.
Proof. It is possible to prove that h = 3 if and only if N31 + 3N21 − 10N1 + 6N1N2 + 6N3 = 18 (see [11]), that is if and only
if the Ni’s are as follows:
N1 N2 N3
0 3
1 4 0
1 0 4
1 1 3
1 2 2
1 3 1
2 0 3
2 1 1
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If N1 = 1 and N2 = 4 we can construct 15 effective divisors of degree 4. On the other hand, by Lemma 1.6, the number
of effective divisors of degree 2g − 2 = 4 is qg−1q−1 + (h− 1) q
g−1−1
q−1 = 13 and we get a contradiction.
Recall that the rational function field F2(x)|F2 has three rational places, one place of degree 2 and two places of degree
3, namely P0, P1, P∞, Px2+x+1, Px3+x2+1 and Px3+x+1. Therefore, if F is a quadratic function field and N1 = 1, one rational place
of F2(x) ramifies and the others stay inert and so N2 ≥ 2. If N1 = 2 at least one rational place stays inert and we need to
have N2 ≥ 1. Moreover, if N1 = 0 and N3 = 3 all the rational places of F2(x) should stay inert, one place of degree 3 should
ramify and the other one should stay inert; If P∞ stays inert then deg B(x) = 4 but this contradicts with the fact that a place
of degree 3 ramifies and no rational place ramifies. Hence, we reduce to the cases:
N1 N2 N3
1 2 2
1 3 1
2 1 1
If N1 = 1, N2 = 2 and N3 = 2 one rational place ramifies and the other two stay inert, the place of degree 2 stays
inert and one place of degree 3 splits and one stays inert (since deg B(x) ≤ g + 1 = 4 it is not possible that both places of
degree 3 ramify). If P∞ ramifies then B(x) = 1 and deg C(x) = 7. If P∞ stays inert then B(x) = x4 and C(x) = xN(x) where
degN(x) = 7 with N(0) ≠ 0 or B(x) = (x+ 1)4 and C(x) = (x+ 1)N(x) where degN(x) = 7 with N(1) ≠ 0. It is possible
to show that there are 32 possibilities for B(x) and C(x). However, we get function fields all F2-isomorphic to F = F2(x, y),
where y2 + y = x7 + x3 + 1.
If N1 = 1, N2 = 3 and N3 = 1 one rational place of F2(x)|F2 ramifies, the other rational places stay inert, the place of
degree 2 also ramifies and one places of degree 3 ramifies and the other one stays inert. Since one place of degree 2 and one
place of degree 3 ramify, deg B(x) ≥ 5. On the other hand, deg B(x) ≤ g + 1 = 4 and we get a contradiction.
If N1 = 2, N2 = 1 and N3 = 1 we get, similarly, a contradiction. 
Suppose now F |F2 is a function field of genus g = 4. It is possible to show that h = 3 if and only if N41 + 6N31 − 13N21 −
18N1+ 12N21N2+ 12N1N2+ 24N1N3+ 12N22 − 36N2+ 24N4 = 72. Moreover, operating as before, the numbers Ni of places
of degree i are as follows:
N1 N2 N3 N4
0 0 ≤7 3
0 1 ≤6 4
0 2 ≤5 4
0 3 ≤3 3
0 4 0 1
1 0 0 4
1 0 1 3
1 0 2 2
1 0 3 1
1 0 4 0
1 1 0 4
The next theorem classifies the quadratic function fields F |F2 of genus g = 4 and class number h = 3.
Theorem 4.5. Up to F2-isomorphism, there are 2 quadratic function fields F |F2 of genus g = 4 and class number h = 3. They
are obtained for F = F2(x, y) with
(1) y2 + y = x
5 + x4 + x3 + x+ 1
x5 + x2 + 1 , N1 = 0, N2 = 3, N3 = 0, N4 = 3.
(2) y2 + y = x
5 + x3 + 1
x5 + x2 + 1 , N1 = 0, N2 = 3, N3 = 2, N4 = 3.
Proof. We remember that, beside the 6 places of degree less than or equal to 3, the rational function field F2(x)|F2 has three
places of degree 4, namely Px4+x+1, Px4+x3+1 and Px4+x3+x2+x+1. If N1 = 0, all the rational places must stay inert and, as a
consequence, N2 ≥ 3. If N1 = 1, one rational place ramifies and the others stay inert and so N2 ≥ 2. Then, the Ni’s are as
follows:
N1 N2 N3 N4
0 3 0 3
0 3 1 3
0 3 2 3
0 3 3 3
0 4 0 1
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Suppose N1 = 0, N2 = 3, N3 = 0 and N4 = 3. The places of degree 1, 2 and 3 of F2(x)|F2 stay inert. Hence,
deg B(x) = g + 1 = 5 and deg C(x) = 2g + 2 = 10. Since no place of degree less than 4 ramifies, B(x) is irreducible.
So, the places Px4+x+1, Px4+x3+1 and Px4+x3+x2+x+1 cannot ramify and the only way to have N4 = 3 is that one of them splits
and the other two stay inert. Using several times Kummer’s Theorem, we get that F = F2(x, y)where x and y are as follows:
y2 + (x5 + x2 + 1)y = (x5 + x2 + 1)(x5 + x4 + x3 + x+ 1),
y2 + (x5 + x3 + 1)y = (x5 + x3 + 1)(x5 + x4 + x2 + x+ 1),
y2 + (x5 + x3 + x2 + x+ 1)y = (x5 + x3 + x2 + x+ 1)(x5 + x3 + 1),
y2 + (x5 + x4 + x2 + x+ 1)y = (x5 + x4 + x2 + x+ 1)(x5 + x3 + x2 + x+ 1),
y2 + (x5 + x4 + x3 + x+ 1)y = (x5 + x4 + x3 + x+ 1)(x5 + x4 + x3 + x2 + 1),
y2 + (x5 + x4 + x3 + x2 + 1)y = (x5 + x4 + x3 + x2 + 1)(x5 + x2 + 1).
Nevertheless, if we replace in the first equation
(x, y) → (x+ 1, y)
(x, y) →
1
x
,
y
x5

(x, y) →
x+ 1
x
,
y
x5

(x, y) →
 x
x+ 1 ,
y
(x+ 1)5

(x, y) →
 1
x+ 1 ,
y
(x+ 1)5

(3)
we get, respectively, the other equations.
If N1 = 0, N2 = 3, N3 = 1 and N4 = 3, then P0, P1, P∞ and Px2+x+1 stay inert. Therefore, deg B(x) = 5 and B(x) should be
irreducible (no place of degree 1 or 2 ramifies). But, in this case, there is no way to get N3 = 1.
If N1 = 0, N2 = 3, N3 = 2 and N4 = 3, then P0, P1, P∞ and Px2+x+1 stay inert. Again, B(x) is irreducible of degree
deg B(x) = 5 and deg C(x) = 10. Moreover, one place of degree 3 splits and the other stays inert, one place of degree 4 splits
and the other two stay inert. We get that F = F2(x, y)where x and y are as follows:
y2 + (x5 + x2 + 1)y = (x5 + x2 + 1)(x5 + x3 + 1),
y2 + (x5 + x3 + 1)y = (x5 + x3 + 1)(x5 + x2 + 1),
y2 + (x5 + x3 + x2 + x+ 1)y = (x5 + x3 + x2 + x+ 1)(x5 + x4 + x3 + x+ 1),
y2 + (x5 + x4 + x2 + x+ 1)y = (x5 + x4 + x2 + x+ 1)(x5 + x4 + x3 + x2 + 1),
y2 + (x5 + x4 + x3 + x+ 1)y = (x5 + x4 + x3 + x+ 1)(x5 + x3 + x2 + x+ 1),
y2 + (x5 + x4 + x3 + x2 + 1)y = (x5 + x4 + x3 + x2 + 1)(x5 + x4 + x2 + x+ 1).
However, with the same substitutions as in (3), we get function fields which are F2-isomorphic one to each other.
If N1 = 0, N2 = 3, N3 = 3 and N4 = 3, then P0, P1, P∞ and Px2+x+1 stay inert. Therefore, deg B(x) = 5 and B(x) should
be irreducible (no place of degree 1 or 2 ramifies). But, in this case, there is no way to get N3 = 3 since no place of degree 3
ramifies.
Finally, suppose N1 = 0, N2 = 4, N3 = 0 and N4 = 1. Necessarily, P0, P1 and P∞ should stay inert and so deg B(x) = 5
but Px2+x+1 and a place of degree 4 should ramify and so deg B(x) ≥ 6 and we get a contradiction. 
Theorem 4.6. There are no function fields F |F2 of genus 5 and class number h = 3.
Proof. Weproceed as in the previous proofs. The class number is 3 if and only ifN51+10N41−5N31−70N21−56N1+20N31N2+
60N21N2 − 140N1N2 + 60N1N22 − 240N3 + 60N21N3 + 60N1N3 + 120N2N3 + 120N1N4 + 120N5 = 360 (see [11]). We have
f (x) = x5 + N1 − 3
2
√
2
x4 + N
2
1 − 5N1 + 2N2 − 16
16
x3 + N
3
1 − 6N21 − 43N1 − 18N2 + 6N1N2 + 6N3 + 144
96
√
2
x2
+ (N41 − 6N31 − 73N21 + 366N1 + 12N22 − 84N2 + 12N21N2
− 60N1N2 − 72N3 + 24N1N3 + 24N4 + 192) x1536 + (N
5
1 − 5N41
− 175N31 + 965N21 + 4014N1 − 180N22 + 2700N2 + 20N31N2
− 120N21N2 − 800N1N2 + 60N1N22 − 720N3 + 60N21N3 − 300N1N3
+ 120N2N3 − 360N4 + 120N1N4 + 120N5 − 14400) 1
15360
√
2
and f (1) < 0 for any N1 ≤ 3, N2, N3, N4 and N5. 
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By using the same techniques we used along this paper, it is possible to prove the last theorem.
Theorem 4.7. There are no quadratic function fields F |F2 of genus 6 and class number h = 3.
5. Conclusion
The classification of function fields with class number 3 is done when the basefield is finite with at least 3 elements.
There are 8 of such function fields and they are all quadratic extensions of rational function fields.
When the basefield has two elements there are 3 function fields if the genus is less than or equal to 2. There are 3 quadratic
function fields of genus 3 or 4 and none of genus 6. No function fieldwith h = 3 exists when either g = 5 or g ≥ 7. However,
the classification is still an open problem when q = 2 and g = 3, 4 or 6.
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